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FI/VE APPLICATIONS OF MAX-MtN -THEORY FFfiM CALCULUS 



INTRODUCTION 



A question that* frequently arises in ^practical 
situations is, "What is the best solution to this problem? 
For example, a scientist or a 4 business analyst* might « 
require such information as ieast amount of time, greatest 
yolume,. least amount of v»ork, a maximum profit, minimum cost 
* (Can ytfU think cf other- examples of "best •solutions"?) ' . 

In many^cases, answers'to such "best solution" 
problems car/ be obtained, or at le\ast approximated, by 
using derivatives to maximize or, minimize single-variable 
^ functions. In this unit we consider several "real-wo*rld" 
problems in which "best solution^ 1 ape obtained in this 

' wa 7- J I 

* "As we proceed through *t he se exsjmpleSs/you wi 11 
frequently be asked to cany out man lpul a;t ions* von y.our own 

\In som'p eases these s,teps wil} be routine; *in|others they 
will involve more tedious 'caTcirlat ions . In real-world 
situations, people must .often carry put such tasks in- 
order to solve a problem. Thus, one purpose of the exer- 
cises, in this ynit ds to help you become acquainted with 
the type of calculations necessary to'so-lve realistic 

o problems. 1 * # 



2. A MINIMUM COST PROBLEM IN INDUSTRY 



2 > 1 Outline of the Problem , » 

Let us first consider, a typical problem fac^d^by, 
manufacturers of commercial products. Suppose that a cer- 
tain manufacturer washes* to minimize the total cost of 
producing a particular item, We consider twfr o/f the-types 
of costs that- are involved; the cost of actually* 

• . ' i * / . M 



-manufacturing the product, <fn& the cost o.f", storing it. 
(In so doing we ignore other costs, such as marketing^ s 
shipping, and management.) * 

In our example we assume tjiat the producst ( units are 
manuf a'ctuTed in batches -of *equa 1 size at'jSqually spaced. 
%ime intervals throughout the year, and that demand ftfr* 
t,he product i-s a-t a kno\in constant rate.' ■ We 'furtfter assume 
that^ the total nujmber of units prpducecf iti the /year is 
predetermined, «to be equal to the tota** demand* ■ We wish to 
find the number of batches the company slrould produce 
annually to minimize ^he totaL*product ion and storage 1 " cos t . 

While we cannot expect our *as sumptions^ to be satis- 
fied exactly in real situations, the agreement may be close 
enough,, for our results to provide the manufacturer with a * 
useful approximation.. ' * < 

2.2 Some Notation 

We' k shall use the following notation: 

' X a the numbe.r of batches r of the product produced 
annually;! o ' # 

k-= the cost i-n dollars of storing one unit of the 

> pfodict for, one year; c 
F * the' fixed cost in dollars of* setting up the 
t factory to manufacture each single batch ^* * 

(usually includes insurance, cost of equipment, 
etc.)? ' * ' \ " * 

v = the cost in dollars of manufacturing . one unit of 
_ the* product ^called the variable co,st): 
T = the. total nilmber of units produced annually/ 

In-*our problem we assume that k, F, v and T are known 
constants. * % 4 M 

) • '\ 

2»3 Derivation of . the Cost Equation 

Vet us first consider the manufacturing cost. Since 
there are T units ^produced annually in batches of equal 
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siz'e, there are T/.X unitS in eath batc^i, Thus,**thfe total 

production cos^'M(X) *for X batches per year \s 

i ' * * " " . , » 

*-(2U)_ ' M(X) * ?F** ^)X*dollars. . - * ' 

1 . * * * * 

Next^ we consider storage cos^s. We assume that each 
batch of, T/X' uijits is put into -storage,, -with the supply 

/-deplete'd at 'a 'constant rate down to zero when ✓the, next 
bat«ch is then? completed and stored'. Thus* the average 

• number % o f f units* in storage 'at any given time is approxi- 
mately (1/2) (T/X) = T/2X. .Since the cost of storing one 

unit for a^year is k dollars, the total annual storage 

* " '' 

cost is t ' > , * S 

\ • 

(2.2) S(JC) = f£ dollars. • * „ • 

Combining Equations' (2^.1) and* (2 . 2) , ^wq^obtain the 
total cost of production and storage (in dollars): ' - 

(2.^L , C(X) =\f ♦ 2f)X ♦ g > 

- 2% 4 The Minimum Cost * , 

At first glance the'variaye X in Equation (2.3) 
seems to be a discrete^ variable , since it represents * the * 
number ^of batches produced^ pj^, y.e a r , and this representa- 
tion suggests integer "values However, X ma/ also -assume 
rational values^ for exariple-, ^product ion rate of 12.5. 
batches per year would be interpreted to mean a rate»o-f 
"25* batches every two years. Since any real number can be 
apjxrj^cijpatexi by rational numbers, we go one step further 
and regard X as a continuous * real variable. This assump- 

tion permits us to apply calculus techniques to find the 

• • • 
miYiimum cost. ^ 

Differentiating Equation (2.3), we obtain* 

' " kT 
(2.4) C'(X) = F - ~ 

2X Z 




Setting C'(X) equal to zero and solving for X we -obtain as 
the oply positive critical value /- 

* (2.*S)' . '.X 0 = /TlTlK . # - 

k Thaj: Uief value of X^ in (2.5) yields a minimum for - 
C(X> can be shown by the second derivative teSt. (See 
Exercise 1 . ) < * *** 

. r . • 

Using t2 . S3 we find C(X Q ) to obtain the. minimum cost: 
(2 - 6) , * C min " *T ♦ /ZCTF . / 

2.5 gome Final Ob servations - v * *f! 

^— «H -r- 

As noted in Section 2.1, we cannot expect real 

manufacturing situations' to be described by our model 

exactly. In those situatioijs in which agreement is good 

however, Equation (2.5) provides a reasonable approximation 

for the number of batches per year that should be made in 

order to minimize production and storage costs. 

. # In thqse situations for which our assumptions are 
not reasonably accurate,^ adjustments must be made in the. 
model. For example, if demand is not constant, then the 
expression T/2X may be inappropriate for the number of 
units ( in storage at any given time.^nd'we would need a 
different expression, depending on the-demand curve assumed. 

Note that^the result X Q = ^kT/2F for the critical 
value of X is reasonable. As the storage cost k increases, 
•so should 'the critical number of batches, as it does here 
'since /F appears; in the numerator. SirajLarJy, as 1 produc- 
tion T rises, so should the number- of batches, and this 
also agrees with the* model. Finally, as the fixed cost per 
ba,tch F'goes up, the number of batches should go dgwn; this 
behavior is consistent with ,/F in the denominator. 



2.6 Exercises • % 

la. - Use th£ second derivative test to, shpw that? the .value 

of X Q In (2.5) yields, a minimum for C(X). * 
b> Find C(X Q ) using the expression in (2.5) to show that 
% ' C min is as Siven in (2.6) . ■ . 

2. In Section 2.4 we rioted, that the'only positive criti- 
cal point of C£X) vas the one given by (2». $.)} 
a» Find the other critical pom^ of Q(X)\ 

b> Explain briefry why the other critical point, is dis- 
regarded in the solution of the problem. 

c>* Why is 0 ntft a critical , point of C(X) even though ^ 
, C*(0) does not exist? 

. 3. ^ Assume that- the averse annual storage cost per # unit 
is $2.00, that*10,000! units are to 6e pro^uceH per 
year, that the fixed cost per batch, is $100.00, and 
. ' ,that the variable coft is $3.00 per unit/ Under the 
assumptions of Section £.1, find: * 

a. the number of batches that will minimize the annual 
(production/storage) cost. 

b. the. minimum annual <;os\.. / 

.4. , Using the values given m Exercise 3, sketch the 

graph of C(X), as given by Equation {2.3), for -posi- 
tive Va lues of X . 



Le-t'us assume- that'all conditions are the same as 
those in Section 2.1,, except that now X is held 
constant and T allowed to vary. Then. the right side 
of Equation (^.3)' becomes a function of T, rather 
-than-X; we tfejiote this function by another symbol-, 
say B instead of C, ft>r correct use of b f unctiona*l 
notation :. 



. ^ t B(T) - (F,+ vT/«X)X ♦ kT/2X > 
*^ Find the value of T that will minimize B(T) 
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, , 3., A MAXIMUM PROFIT PROBLEM * 

3.1 The Selling Price '« 

Several years ago, the Boeing Aircraft Company was 
fated with the problem of determining the sealing price for 
a new model jet airliner. The basic problem w^as to find 
the price per aircraft wttich woulti maximize 1 the company's 
profit. ' 4 . '* m ' * t % 

In this particular, case, Boeing had one competitor, 
wfiich. had a similar plane. It was understood that the 
companiep would' Charge fche*same price, since an-y price m 
adjustment by one company woulc^ automatically fre met by the 
oth6r. -Thus, the price would no^ affeet £he relative * ' 
shares of the market. It could, however, have a sigpifi.- 
cant impact on the total size of >the market. 

3.2 Fjsctors To Be (Considered . * 

j The following quantities 'were considered:" 

p = the selling price 'per^airliner (yi millions 

of dollars); * , > , 

v N(p) '= the, total number of airliners • that -would be 

sold at, price p by Boeing and its competitor; 
C(X) = the. tola} cost ( in millions o-f dollars) to 
^ Boeing of manufacturing-^ airliners'; 
h -.the 'fraction of^ the market .to be vjon .by* 
1 . Boeing .(0 < ft < 1); thus, if" feeing -produces" 

* X airliners, h = X/NCp); - * % 

P = the totaj. profit (ijn millions again) to Boeing. 

The profit P is a function of the price p, andjis, 
the quantity Xh-at the company wished ^to maximize. « 



* Based on Brigham, Georges, "Pricing, Investment, and Games of 
Strateg'y*" *fl Management Sciences, Models and Techniques , edited* by 

C.W. Churchman and M. Verhulst. v. I pp 271-87 (Perqamon Press. 
I960). } • 
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V 3.3 The Profit Function s 



v Our first objective is to express the profit*P 
% Explicitly .as function of the pries p. 'Since, prof it is 
, rotal income /irinus total cos't , we- 'first need expressions 
'for both of the^e quantities, * • . 

Analysts at Joeing made bo^th predict itfnsyon the mar- 
ket and estimates of costs 'involved, and -used their 
results to arrive at the expressions . • 

^ (3.1) .„ tf(p) = - 78p 2 v + 6Slp \"" 1125:** t I 

3/4 



f3.2) 



ccx| 



SQ + 1.5X + frX" 



si 

\. 



as-r^stimates of the, total market, N(p), at price p, and ► 
_tfie total cost to Boeing, C(X),(as«p', also in millions of 
*7 ciollars), of producing X airliners. * Sketches of N(pX and A 
# " G(X) are shown in Fj^TTje 3-1,^ with *smooth curves drawjf 
-rhrd\i£h actual discrete points. Routine calculations* with 
Equation (3.1)~(e.^., th'e quadratic ..formula) • show N that the ' 



V 




3 5 b p 50 100 150 200 250 X 

(a) Predicted number *of a i rl i,ners* (tf) The co%t'C(X) , in^mlllions 



1 * 2 



salable at price p, where p 
lis In millions of dollars.' 



of dollars, of prpduclng X 
a I rt Iners . ; 



< \ ' 'Figure 3" »- *m 

* " 5 < * ^ ~ ' 

least value^f p for wlyxfi N(p) is nonnegative is sljghtl/ 
mere than $2,408 million. Therefore, p must be at least ' 
$2,408 million, (also see Exercise. 6). ' **m. ; » 
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Since prof it^ is totak income minus totaj. cost, we' 
have : ' : t 

(3.3) < ' P = pX • C(X)* . 

Since also X = hN(p), we obtain an expression for P in 
terms of s p by . substituting hN(pj for' X in (3.3): % 

* (3.4) 7 P = phN(p) -'c[hN(p)] . . , / 

* > 1 * r » 

X 

3.4 Determination of ttie Best .Selling Price 

t We note first that* p and.X are both discrete van- 
cables, each assuming only . integer ya^ues.^ Nevertheless, • 
formula^ (3.1) and '(3.2) both determine functions of 
continuous real variables;, as indieate<Tin ^Figure 3-1,. and 
these functions can be used to obtain approximations for * 
the required, integer vaiues. • ' i ' 

Equations (3.13 and (3.4) Constitute, a chain of" 
functions t-hat would yield an explicit' formula for" P if we - 
carried out the actual substitution. However, thrs sub- " 
"stituHon w^uld produce an *unnecessarilx complicated 
expression, and ye ayfeid thi*s difficulty by "differentiating 
(>.4p with-resp'ect to, p as it. stands, using tjie'thain rule: 

* * " 1 \ * * ' * 
(3.5) t P'{p) = phN'(pJ'+ hN(p) - C [h/*fp)]hN'(p). 

« . »* . . - * 

Next w if we .set P\(pJ equal to, zeno, we see that p s 
must satisfyfthe equation \ ^ * % . 

A woi^ oT^cau^ion^is in' order here 7 If W (pj, ■/<>, 
then ttre equation P*(p)-*-f 0 reduces tjo *zhe equation , ' V 
hN(p). = 0,. v You shoul^ show (Exercise^ 7) fchit the' only' 
value of "p ►for which N*(p) = 0 is fiot a crit^bajL* po 4 i^t of 
P, "unless h = 0^ . • ' ' . 

3.5 Numerical~Value of» th^* Best Sell ijpg Price *Y X a * 

y Using the relations* N !£p) = -lS6p', '6SS; C'(X) ~ 
l.t * 6X :1,/4 , and X -= hN(p), -= h(->8p 2 ♦ 655p - 1125) j. we ' 



eould substitute into Equation • (3.6) and solve the result- 
ing equation for p. However, this approach would lead to 
difficult calculations ,'*and so we try an alternative- 
•approach. 

Let us suppose that A:he company will produce 70 
airliners. Then sinCe X *= 70, Equation (3.6) reduces to 

Equation (3.7) can be reduced easily to a quadratic 
equation ^ which can be solved by ' elementary techniques. (a 
calculator will be most useful here). The roots of the* 
equation are, to two places, 5.05 and 2.94. Using the 
second derivative test (see Exercise 9), we see lhat 
P"(5.05) < 0 and P'^2.94) > 0. Hence, if the. company pro- 
duces 70 airliners, it should charge approximately $5.05 
million to maximize its profit. ■ * 

Similarly, if X = 103, then 0^(100) ='3. 39737 . In* 
this case, solution of (3.6) for p yields p/= 5.0 and 
p = 2.86. Of these values, p = 5 yields th£ desired 
-maximum. , ■ • i 

X 

3.6 A Look at the Cost Equation * * i . 

, , From our calculations in Section 3.5, you might have 
noticed that a large change in X produced a relatively 
-.smalj^ change in p (when p is measured in millions)! Let 
us see why this is so. * 

• ^.Recall that COO,* 1.5 t^Xv 1 ^. Hence, C"(X) = 
-f3/2)X* 5 / 4 . Thus, for large X the'graph of C'(X) hTs 
slope^ near zero. Thus, changes in C'(X) willjbe Tela- * * 
tively small for large X. (See r ,FigUxe 3-2 .)* Such changes , 
in turn,, will produc^e., only small changes', in the right^sitfe 
of Equation (3.6), am^thus^ small changes in the value of. 

P • at* 



\ 



5"' 
k.- 

3" 
2 -- 

1 



♦ C*(X) (in millions) 



-+- 



V 



H 1" 



H h 



-t- 



H — h 



10 20 30 40 50 60 
Figure 3-2. 



3.7 Exercises 



70 80 90 100 110 120 
Graph o/ C 1 (X) . 
\ 



6. Find the maximum value of the function N(p) given 
.by \3.1). Ho'w many airliners should actually be 
solid at price p? (Recall that a company cannot sell a 

* fraction of an airliner). * 1 . 

& 7. For NCp) given by* Equation (3.1')> show that if. 
N'(p) = 0, then P'(p) >.0, unless h = 0. § 

8. Using ' (3. S) , compute P"Cp). 

9a. Suppose Boeing decides to produce 70 ^.rliners. .Recall 
that for X = 70, we 'showe^in Section* 3.5 that 
P'(p) * 0 for p = 5.05 and for p = 2.94. "Now use* %e 
second" derivative test to show that P attains its 
x maximum for p * 5.05 and jts minimum for p =» 2.94. 

(Hinf!: Compute C"(70) from (3.2). Then* use the fact 
. -'that C'(X) - p * (froft* 3.6)} to simplify your 

^answer in Exercise 8. Finally use the fact that 
0 < h < 1 »to show that P H (5.05) < 0 and P ,, (2.94) > > 0. 
A calculator will 1 help! ) . 
t b. For X s 70, find the maximum value of P -(i.e. find 
^ P(S.05)). ^ • * 

"lo. If Boeing produces 70 airliners, compute n(5.05), -the 
total number of airliners *sold fey^oeing and its com- 
petitor,. Also Compute h in this <o$se. * 
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4. SNELL'S LAW - LIGHT REFRACTION 



4.1 How Water /'Bends" Light 



In this section we examine a very iijportant property 
of 1 l.ght rajs . \ • • 

You may have noticed that when you see an object 
partially submerged in water, it appears to be bent. This 
phenpmenon is known as refraction. Our understanding -of 
refraction is based on a principle due to Pierre FSrmat,, a 
famous 17th century mathematician and physicist,. Accord- 
ing tovFermat's principle, whefi ^ight travels through one 
or more homogeneous media, it follows the path that 
requires the least amount of total time. Thus, when there 
is only one medium, such as air, the path that will'minimiz 
distance is .a straight line, since the rate is constant. 
For example , y when light travels Prom water into air, it 
travels along one straight line to the surface and along 
another in the air: As a result, we see the "bending" 
effects. (See Figure 4-1.) 



Stick 




Image end 
of stick 



Figure k-\ . 



The image of a partially submerged stick 
bei-ng "bent" by water. The'arrowsr 
indicate the path of the light rays to 
the eye. ' , 
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4.2 Some Notation . 

Let us assume that the speed of light in water is v 
(in appropriate units) and in air % w. Assume that the w 
object is a units below the surface, the eye b above. " , 
Let x, y, a, 6 be^as indicated in Figure 4-2, and put* 
c = x + y. 




surface of 
water 



'A (Object) 



Figure "Light is diffracted (deflected from its path) as 

it crosses the boundary between transparent media 
# that have different densities. 



4.3- Minimizing the Travel Time of Lig ht 
*' ^ 
We wish to minimize the total time light takes to 

travel from point A to point B. Using the formula a 
time « distance f rate, we obtain the t$tal time' as a 
function of x: * 



(4.1) T(x) 

9 

Then we have 

(4.2) ~T»Cx) * 



. A 1 * x 2 + I ( C - x) 2 



and 
(4.3)' 



- X 



" v/a 2: * x 2 wA\ + (c - x) 2 



T"(x) 



.v(a 2 ; *h i/2 



w(b* + (c - x)*) 



77377 



v 



4 



12 
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Now, since v and w are both positive, T"(x) is always 
positive. Hence an^ critical value, will yield a minimum. 
*CSee Exercised.) Setting T'(x) = 0-^we obtain 



(4.4) 



or % 



a X ' c - X 



v/* 2 + x 2 }mA* + (c -x) 2 



IT 7 . / * 
+ x „ sm a 



( A s >, v"_ x//a 7 _ 

1 ' ; w >^ * Tsin 8 * 

• y//a + y - ' 



The equation ' 
fAt\ v - sin a 

is- Known as Snell' 8 Law. Snell* s law states that'? since v. 
and w are known constants and since, ^y^Fermat's Principle 
the travel* time' of light from point A to point B i/s mini- 
mized, the ratio of s,in a to sin ft-is cons tpzrtr>J (That is, *" 
chahges in x, y, a or b will/fiot^change this ratio.) This 
£ onstant* v/w, is called tWe index of refraction. Snell 1 s 
Law is believed to have 'bee\ first discovered by Willebrord 
Snell in 1621. 

4 .'4 Some Concluding Remarks 

Notice that Jthe choice of air and water is not crucial 
to '*the derivation of Snel^s Law. In fact, any two media 
through which light travels at «a constant rate could have 
been used, with similar results. , 

You shpw^d note also that we derived Snell 1 s Law ' 
without explicitly finding a critical rvalue for T(x). The*' 
actual solution of the equation T*(x)' = 0 (see (4 .2) )* would 
involve a^cumbersorae fourth degree polynomial. In -.addi- 
tion, it is not at all important to have an explicit 
expression for a critical value. The ability to obtain * 
useful results knowing only the existence of certain num- 
bers (without- knowing iheir values) is a phenomenon which 
occurs frequently in applied mathematics., 
i 
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4 . 5 Exercises 



11, 



12. 



13, 



Using equation (4,1), compute T'(xYand T"(x). Your' 
answers should be equations (4.2) and (4,3), respec- 
tively. 

(This exercise is for those who are familiar* with the 
intermediate value theorem, ^ Using (4, 2) /show that 
there is a number x between 0 and c for which T'(x) = 
♦(Hint: find T'(0) and T'(c), then ,....) f 

Suppose that a light rayjasses through a transparent 
-plate (Figure 4-3), Pro# that, with reference to 
that figure, a = 6, (Hint: let v be the speed of 
light in ajr, w "the speed of light in the plate, and 



apftly Snell/s Lavj.) 




Plate 



Figure i*-3. L.ght passing through^ transparent plate. By 
^ e rcise 13, althbugh the ray is displaced^ 
1 the plate, 'its direction is unchanged. 



' ' 5 - * SURFACE AREA OF A BEE'S CELL 



5,1 -The Shape of' a^oney Bee's Cell % 

One of nature's, most remarkable creatures is the* honfy 
bee--nature .appears to >ave given him- some amazing engi- 
neering abilities. ? (See*Thompson.) m this, section we 
study the construction of a ^honeycomb cell. • 

1-4 



1 "I- , ' 

The open face of a single cell in -the comb approxi- 
mates .a regular hex-agon. (See Figure 5-la.) The 
horizontal (vertical in our diagram) portion of the cell 
is constructed geometrically 'as .follows (see Figure .5- lb) . 
Over the regular hexagon abcdef with sides of length s 
construct a right ^hexagonar prism of height h, with top 
Vertices A, B, C, D, E and F, respectively. (Vertices D 
and F are not shown in Figure 5- lb/) The corners B, D and F 




Figure 5-1. A Honev.JB^e's ceil. 



are cut off by planes pas.sing through the lines AC, CE and 
EA, respectively, which meet at> a point V on the axis VN 
of the prism. (Th'e'point N is the intersection* of 'the 
axis of the prism with the line through B and L.) The 
"c^t-off" pieces are then placed atop the cell so that the 
points tha.i were at X, Y and 'Z will meet at V\ 

J Observe that The new solid (the cell) has the same • 
volume *as the original prism. , Note also that the lines AC, 
CE and EA are axes of rotation for the "cut-off' 1 pieces, 
i.e., the^ tetrahe4ra ACXB, CEYD and EAZF, ■resp^c^.v.ely . 




5.2 Description of the Problem * : s 

The /bees fojrra tbeir cells in such a way as to minimize 
m surface area 'for a given volume. Thus, they use the least 
* amount of wax in ceH construction. The mathematical prob- 
lem,^ to cut the hexagonal prism at an angle (e = ZNVL 
.in Figune 5-lb) which minimizes the total surface arsea" 
' 5.3 The Surface Araa Equation 

First, let us"expr^ss the area of the top portion of 
the cell in terms of 6. Notice that, by the construction 
outlined in Section 5.1, the top'surface consists of three 
rhombi, AXCV and two others that are Congruent to it 
'(.Figure 5-2) . \ 




Figure S-2. 



One of the three rhombi that 
form the upper surface of 
the eel I . 



Let L be the intersection o£ trie segments VX and AC. 
Then, VNL and L^X (Figure 5-lb) are congruent right tri- 
angles Jthe point N lies in tjie plane of the vertices A, ' 

B> F F - ),oS ° that NL = LB " From P lane geometry 

we rWl tjjat in ,a regular -hexagon of e.dge length s the- 
distancl^rom the center to each vertex is also.s*. Thus, 
NL = s/2 (since NB - - ~ 



t N6w, BCN 



so 



ice NB = s) . 
I is an] equi] 

■ \ 



ilateral" triangle with altitude CL, 



CL = s/J/2. 

In addition, from Figure 5-lb, we. see tha£~ 

r.VL * NL esc 6 =^ (s/2) esc 6, 
and hence the area of each rhombus of the three thatvfdrm 
the'upper surface (see Figure 5.2) is 

16 ' 
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(S 2 /5/2) csc 9. % * < " ' ' ' 0 ; * c 

Therefore the total area of the.t-hree rhombi is , 
(5.1) ' ' (3s 2 /T/2} csc 6. " s - ' 

From triangle NLV we have W ♦= .(s/2) cot 0, and since VN 

* BJC, we have , ^ 

Area^abXA) - s(h + (h - (s/2) cot 6) )/U 

Hence, the total lateral surface area of the % ce t ll is 

.(5.2) 6(sh - # ts 2 /41 cot 8 = 6sh - ( 3s 2 /I) cot 0 . 

Finally, combining (5,1) and. (5. 2), we find the total 
surface areaV^ffO}, of the eel! to "b'e ^ 

-(5.3) f(9) = 6sh -. % (3/2)s 2 cot' 9 + ( 3s 2 /Z/ 2 ) c sc 6 . 

5.4 Minimizing the Surfa'ce Area 

— \ • r . . • * • 

\T6 minimize- f(9)„ which is given by Equation* (5 .3) > 
£irj$t note that for 9 measured i5> radians., 0 < 6 < tt/2. 
Differentiating Equation v j;5 . 3) and simpl ifying '(Exercise 
, 14) , we obtain'' . 

(S.4) /. f'(9) =,l s r (csc 9) ('csc 9 - /I cot 9) . 

'Setting ^(9) equal to 0, we obtain cos^8. = 1/73. The 
only value of 9 between 0 and tt/2 that satisfies this equa- 
tion is 8 = 0.9553 radians. • (The>symbol ~ means- appr«pxi - 
mately equal to.) - In degrees, this' angle is about 54°44'\* 

You should carry ou't the details to show that this 
value of 9 does indeed minimize the- total area of the ce,ll, 
as given by Equation /5.3) (Exercisers).. 

• Note that the minimizing' value of 6* does not depend 
upon either s or h*. * ' > 

5.5 Do Bees Know Mathematics? • > 

Several points are worth rioting here;" First, actual 
honeycomb cells are .not perfectly hexagonal, as we^assumed 
in deriving Equation (15.3), However, as you migh$\have 
noticed from pictures or. by actual observation , th£s£ c^lls 
are usually 'close to perfect hexagons. I ' x 



81" 



•As you might* imagine, actual measurement \f the'angfe 
e^in a beehive as difficult. However, sucVije^ureraent^ ' 
jcairbe made, aifdrte measured angl^^d^Ui ff<&, irott 
"our calculated valtfe by more thrfn ^^^Sgree'sT:^ (Sfe Fcrjes 
Toth in the references.) / c- <J - * 

Finally, while ^hexagonal 'sol ^^fe^e^^idS^* in* the 
use of. wax nTcell constructor, other pS^hV^tpeA^i' " 
.even greater economy (see Toth.) . , lto V ver^J^^4l»^^aints 
out thut if bees used the most efficient d%|gV^T^lms . : 
of minimum surface area for .a given volume-, ft^i^W* <V 
save less than two-f i fths/of one percent in% ^V.^a^rtd^* 1 
tion, the actual construction described -in ^Sectip^'^L^/ 
considerably easier for bees to carry out" ttfa^fs, jUV^ 
building for more efficient" cells . * ^% 1 ' 

• * ^ * v i » 

. For more information on xhese fasq inat ing J trlfi^ures B > 
see Batschelet, Thompson, and T^th in the referee**. ' 
^5*6 .Exercises v 
14. Carry out "the details of cjeriving' (5.4) from* (5. 3)'. 
15a. Show' that the value 0 = arccos(l//J) yields V mini - <** 
mum value for'f(e)., as, given in (5.3).* (Hirvt:, • Lt 
is more/* efficient 'to analyze the sign of f IB) to 
P .determine" values for which f(6) is decreasing, aXl - 
those far which it is increasing than to ap£ly the 
second derivative test here.) * \ 

b. Use (5.3) to And the value of the minimum surfaced 
ar,ea. of the -cell. jHint; Use the exact result 
"jcos e = l//5fcto evaluate sin 6 and cos 6.) 
16a. find the surface area of a right, regufar hexa- 
gonal prism with base edge of length s 5 and altitude 
h, if the, surface is closed at the top and op$n at*' 
/'{fee bottom (no corners cut off here). * \ . 

b. Compare the result of 16a with that of Exercise 15b. 
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, . 6. ARTERIAL BRANCHI NG 
* ? " 

6". 1 A Surgeon's Dilemma * 

. " .Consider the case of a -surgeon who nrust attach a 
bloodvessel to an artery AB, which will lead to a point C, 
(See Rigure 6-1.) The surgeon wishes to' attach theses sel 




Figure 6-b A blood vessel connecting artery AB to a p/mt C 



in such a way as to minimize the resistance to the flow of 
blood from point A to point C, since*this-, in turn, wi}l 
minimize the strain on the heart. 

Now, according to' Poiseuille ■ s Law for laminar fluid 
flow in ri'gid pipes, resistance is directly proportional 
] to the length af the pipe and inversely proportional to • 
the fourth power of the radius of the pipe: 

4 ' ' * 



(6.1) 



R = kd/r 



where ^*is the constant of proportionality, d the -length 
and r the radius of the pipe.*. ("Laminar flow"<> means that 
all particles of the fluid pass through -the tube along* 
paths that are paraliel to its waJJ , and that the rate* of 
flow increases smoothly frenTThe wall toward the**center . ) 



t *^For a very readable discussion of Poiseui lie's Law, see Philip 
v Tuchinsky's Viscous Fluid Flow and ther Integral Calculus. , UMAP Unit 
§ 210, Education Development Center, Newton, Massachusetts, 19781 
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The proportionality constant is determined by the viscosity 
of the* fluid) blood in this ca'se. Of course, blood vessels 
are not actually rigid, but for short distances, as is 
usually the case in surgery, they are .nearly .rigid . 

Now tHe surgeon's problem becomes apparent. If the 
v«s,se} is attached closer to the point A, (Figure 6-1), the 
blood'travels -less total distance, but farther in the ves- 
•sel, which has a' smaller radius. On' the other hand, if 
the vessel is attached closer to B, so that the blood 
flows farther in the tube of larger radius, then the'total 
distance is increased. The problem isLto find the poirvt 
between A and B at which the vessel' should be attached in 
order°to minimize the resistance to the' flow of*blood. 
6.2 A Resistance Equation ' 

We shall use the notation in Figure 6-2. (Note that, 
without loss of generality, we may locate B^so that -ABC is 




Figure 6-Z. Ndtafcional diagram for the arterial branching 
problem. * i * 

a right angle.) The kriown quantities are d Q , r^ t r 2 , 6 Q 
'and d 1 + xV while the 'variables .are e, d 1 , d 2> and x. The, 
problem is to find the value of 6 that minimizes the total 
resistance to the flow of blood from A to C. 

We.first express d 1 , d 2 , and x in terms of 6. From 
Figure 6-2 we see .that esc 6 = d 2 /d 0» cot e Q = (d 1 + x)/d Q 

% . S 
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*nd cot 8 - x/d Q ; hence ^ 

• ^ . d 2 Vd 0 csc 6 > . 

d 1 * -x + d Q cot 8 Q , and 

= d Q cot 6. 
From the 'latter two expressions we obtain 

d l = ' d 0 ( > Cot 8 0 * cot 6 ^' : % 

Let R = R(6) denote the total resistance to the £low^ 
of blood. 'Then & is the sum of the resistance through, the 
artery plus the resistance through the vessel". By (6.1), 
we have 



3> 
kd, 



kd. 



R = 



= k 



d Q cot e 0 



r l 



d Q cot 0^ djj csc 6 



If we put K .= kd Q /rJ co^e Q , a constant, we obtain the 



v following expression for the resistance: 



(6.2) 



R(8) 



K + kd 



cot 9 

— ?~i 



6»3* Minimizing the Resistance * • , *, 

^ v ""Without loss of generality, we- may assume $ <\ <^tt # 
Differentiating R(6) using (6.2), we obtain 

■csc 0 cot 6 



.(6.3) 



R f 'Ce) = kd 



csc 2 6 



(Be sure- to 'carry out*£his differentiation in detail,) 
Setting R ! (6) «qual to #and rolving for 6, we find that 
the only critical value is 



(6.4) 6 » arccosfr^/r*) , 



: (See Exercise 17.) Ne*xt ,* you* should show that, the value 
of 6 given by Equation '(6.4) yields a minimum for-R(6j 
, (Exercise 18). 

Notice that the critical val-ue of 8 depends only'on 
the radii "of -the tubes, therefore, the locations of -the* 
points A, B and C were n-dt cruc-ial to our work, except 
for ^je # effect that the lengths involved flfa? have on the 
assumption 'of rigidity. • 

You should note also thTt under thje conditions *of £he 
problem, the s*urgepn Is/ concerned 'chiefly with the fact 
that the resistance m*fot b$ minimize^, and not with the 
actual amount;. o£ fhe resistance. Fop this reason we do 
not f^nd R m 'i n — ^ tn A^ example. ' j ■ 

6.4 Some Concluding QU^ervations * 

Experimental observations *iave*"shown tfhat the angle** 
given by Equation (6.4) is close to* the act.ual aHgles at 
which blood \essefs are attached to arteries in the body. - 

Finally/ lef us v retur^t^r thqt &u f geon, who is waiting 
patiently (.' J??) for us \o complete our calculations anH 
observations^ If we* report, tta ^rit^a^vyai^ie of 6 in v 
Equati<5^(6\4)-, he .or Vhtfv$;t.fl*h^n\t know where T?o attach 
the vessel to the ar.terV*- * Can yoti nelp^put with a little 
right-angle trigonametr^ ^^e^E^j^^fs^e/l^. ) * 

6.5 Exerciser * £ , Xy 01 ^* * 7 * 

>17, ,Wiih^ R'^.^/given ' $Y (6,3^,.-$6lve the -equation # . ^ * 
* VYor 0 tV v obrain r (6\4jJ * \ . 

18a/ Obtain R J, ($) from (6.3)r. f . 

* b. S.how that the value of 0 given by (-6 . 4) * s^at^f ies " 
the condition R ,4 t6). > 0, and 'hence tjiat this*value, 
. ' minimizes, R{0.5'. * T „ ■ 

.19; With reference to Figtfre>6-2, ftfr a known 0t(suc'h as • 
.-the vaFue in, (6.4>^^find the distance P'B' in terms • 
Of 9, d Q and . * * 



7. MODEL EXAMINATION 

Suppose that a lighi ray from a point A is reflected 
in a mirror to a point B, with the path of the ray 
completely ,in aj.r and- forming angles 8 , %2 w j- tn tne 
mirror, as shown in the diagram. Apply Fermat's 
Principle to prove that a » 6. 



M i r ro r , 




Suppose that analysts for a refrigerator manufacturing 
firm have determine^ that the total cost in dollars 
involved in producing x refrigerators of a certain 
kind is approximately 



C(x) ~ 75 x " HM x 



SCTO , 



12^ x 1(T 
* 

and that at a e price fi of p dollars per unit, a total of 

N(p) = 120Vf5p ' " 

refrigerators ctfuld be, sold. (Here C(x) includes all 
costs, such as material manufacturing , stprage, a<k- 
vertising, shipping, and management.) • 

f\ . * * 

Find all expression for the total profit P in terms of 

<the%elling price p. 

Find the yalue of p that maximizes the profit P * P(p) 
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8. ANSWERS TO, EXERCISES 



C n (X) = kTX' 3 . Since X Q > 0 (see Equation 2.3) 
C "(X 0 ) > 0, and hence X Q yields* a minimum for C (X) 
C(X Q ) = (FX Q ♦ vT) ♦ kT/2X Q 

» F/FT7TF + vT + kT/2/kt/2F 

» vt + jwr/1 + mrn 

= vT + /2TF7. 

» * 

:/kT/2F. 

All the quantities in the cost equation must be 
positive. 

^ero' is not in the domain -of the function C(X). 
X Q ="10. 

C min * ^2 i 000. 00 



32.5" 

32.4-- 

32. r - ' 

32.2- 
32.1- 
32. 0-- 



C(X) (in units of $1,000. 00)' 




10 



15 



20 



X 



T*0. 3'(T) is'never zero, but' the domain of B(T) 
is {T: T > 0) . Note that*B(T) is a linear function 
of T, with' positive slope. 
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N max 5 250 ' 08 > N = | 250 ' 

If N"(p).= 0, then P'(p) = hN(p): Since \(p) f 0', 
(otherwise the problem wquld be trivial) we have 
P' (p) + 0* unless h * 0. 

P"(p) = h(2N'(p) - C"(X)h(N-'(p)) 2 - (C'(X) - p)N"(p)) 

By Equation (3.6) the, expression for P"(p) in the 
answer to Exercise 8 reduces to: 



P"(p) = h{2N'(p) • C M (X)h(N'(p))' 



AlbO note that C"(70) =,-0.0074. , 
P"(5.05) = h(130.65h - 49?. 97) < 0, since 0 £ h < 1; 

P»'(2.94) = h(285.64h + 493.22) > 0, since 0 < h. 

By Equation '(3*3), P(S.05) = (5 . 05) (-70) - C(70) = 
4 .90 milMon. 

With X = 7D we use p^ = 5.05 as the critical value 
that maximizes the profit^ Then, N(5.05) = 193.56. 
Thus,, a total o,^L94 airplanes will bp produced, so 
the competition^ produces 124, and hence h = .-36. 

T f (0) » -c/w»^> 2 + c 2 < 0;' T'.(c) = \/A 2 + c 2 > 0. 

S^nce T'fxO/fs continuous, there is a point x between 

0 and c such that T'(x) =» 0 , by the intermediate 

value theorem. 0 . * 



By Snell's Law, 

v a * sin a 
w ~ sin 6' 



„ * w _ sin y 



Since B, = Y,, we must have sin a- = sin 6. Since 
0 < a, 6 < ; tt/*£, we must have 6. 



•C3/2)s 2 (-csc 2 6) + (3s 2 /T/2)(-cso 0 cot e) 



3s< 



3s' 



1 N 



/J 



sin 0 

l-^* /J cos e 



sin 



sin 2 e 



cos 0 



sin 
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15a. 



16a. 
b. 

17. 



2 \ ' 

Since^ 3s /2sin 0\> 0 for 0 < 0 < tt/2, the sign of 
f*(6) is the same^as that jzf the factor 1 - /J cos 6, 
For 0 < 6 < arccos/I, 1 -J$ cos 6 < 0; and for 
arccos/J < 6 < tt/2, 1 -/J cos 8 > 0. Thus, f(6) is 
decreasing for 0 ,< 6 < arccos/J and increasing for 
arccos/I * 6 <^tt/2. Hence f(8) has a minimum at 
0 - arccos/3. 

• 

-For the critical value 0 =Larccos/3 we have sin 0 - 
Z7//5, cot 0 = 1//I, and = . 

f(0) 6s|h + 3s 2 //Z =.6sh + 3s 2 /T/2. 
6hs + 5/3 s 2 /2 
6hs + ^ s 2 < 6hs + 

-esc 6 cot 



3/J 2 

s - 



R*(e) = o ♦ kd 



-esc 



the calculation requires only elementary Mi fferentia- 
tion formulas and the fact^that.K, k, d Q , r r 2 are 
constants. The formula .(6 . 3) follows by elementary, 
algebra. * 



8a. R"(Q) * kd 



esc 6 cot 2 0 + -<sc 3 6 2csc 2 6 cot *e 



b." csc 



r l //r l 



r 2 ; cot 



'2' "r, '2 

.0 \ 



9. 



R"(0) = kd 0 r}/r^/rj - r* >.0. 
P'B» (d 0 - r^cot 6. ^ . < 

9. ANSWERS FOR MODEL EXAM I NAT I ON 



Since the path is completely- in the air there is no 
change in the spewed 9f Ifght, and hence 'the travel » 
rime will be at a minimum if we minimize the distance. 

; # 26 
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The distance traveled by the light ray is 



D(x) = /a 2 | x 2 + A 2 + (c - x) 2 
from which 



I 

. D .(x) = x ♦ - (c • x > 

t >^5 

(c - x) 



The equation D'(x) ? 0 yields sin a - sin 6, and 
since 0*< a,* 8 < tt / 2 , we must have a - 6. 

2a. The profit can be found by subtracting the total cost 
from the total income from sales: 

p(p) = .(i2o/njp) P . c(i2o/rup) 

= 120/Tff p 3/2 - 10p 2 +. 2Qp - 50,0. 
b. J>*(p) - 180/nf p 1/2 - 20p + 20, 
P M (p) = 90/Hf p" 1/2 - 20. 

The equation P'(p) = 0 has two solutions, p = 812.00 
and p = .0012. Direct calculation yields P"(812) < 0 
ancf Jg^(0.0012) > 0. To. maximize its profit, the firm 
should charge $8X2.00'per refrigerator. 



{ 
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